ABSTRACT. The first problem in the economics of natural resources is to find the rate at which to extract the resource in order to optimize its value when there are no extraction costs. It is shown that the existence of an optimal extraction path is not guaranteed by a utility function that is merely (strictly) concave, but that the additional requirement of "asymptotic nonlinearity" will assure the existence of the desired optimum.
INTRODUCTION.
The first problem in the economics of exhaustible natural resources is to establish the extraction rate of the resource. This problem is formulated in the language of the calculus of variations or, more "commonly, as an optimal control problem: choose an extraction rate q (t) to maximize the total discounted utility of the resource, j.o U(q(t)) e -t dt, subject to o appropriate initial conditions. The subject of this paper is the existence of a solution to this problem. Existence theorems for optimal control problems are abundant in the literature, but the simplicity of the problem considered here demands a simple answer.
It is well known that even in the simple setting described above, the existence of an optimal solution is not always assured. Indeed, if the utility function is linear, a solution does not exist that is "usable" for a resource extractor. Although concavity is the natural hypothesis for the utility function U, the existence of an optimal extraction path is not guaranteed by the strict concavity of U. It will be shown that the additional geometric requirement of "asymptotic nonlinearity" will resolve these two difficulties and assure the existence of the desired optimum.
Optimal extraction problems have been discussed extensively in the literature. Although more 
Since U is increasing and nonnegative, if an optimal path exists, the resource will always be exhausted: x(T) 0. This fact will imply the non-existence of an optimal extraction path for the utility function constructed at the end of this section. The following proposition summarizes some well known necessary conditions for optimal extraction paths.
Finally, it is important in problems of resource extraction to know if the time to exhaustion is finite or infinite. This is especially critical since the transversality conditions pften differ in the finite and infinite cases. In the following theorem, it is shown that the value of the derivative of the utility function at q 0 provides a simple test to determine the extent of the extraction horizon. (-q(t) ) e -t + Aq(t) by the Mean Value Theorem where 0< ft< q(t) -q(t) U'((:I)e -St-A If U'(0) +oo (i.e. lim V'(q) +o ), we want to show that it is not optimal to q---}O + have q(T) 0 for any finite T. Fix T and construct a feasible path q with q(T) > 0 but so small that A e t < U'(q(W)). Then H(0) H(q(W)) < 0, so by the Maximum Principle, the optimal solution cannot be zero at T.
On the other hand, if U(0) < oo, we want to show that the optimal solution will be zero for large t. Since U(0) is bounded, for any extraction function q, the value of can be chosen so large that U'(q(t))e -t X < 0. Thus forq(t) > 0, H(0)-H(q(t)) > 0 and so q(t) > 0 is not optimal. To see that it is, let B q(0). 
